Abstract-Task-evoked pupillary responses reveal the relationship between working memory capacity and its effect on cognitive states. Understanding the effects of cognitive load requires robust analysis of pupillary responses. In this paper, we introduced a Hilbert transform analytic phase based method to compute temporal patterns from pupillary responses. Analysis reveals that sharp change in incorrect task response may be attributed to the cognitive overload. It was also observed that a sharp change and continuation of the ramp in Hilbert unwrapped phase relates to the cognitive dissonance.
INTRODUCTION
Studies on cognitive load established the relationship between mental workload related to the executive control of working memory (WM). The cognitive Load Dynamics (CLD) explains the transition of mental states. Also, there is evidence related to mental efforts and cognitive intervention. For example, cognitive overload may occur if the resource needed to process information exceeds the maximum capacity [12] . Accurate measurement of cognitive load and its effect on cognitive states is important in personalized communication [19] , adaptive user interface design [4] , modeling social interaction between human and artificial agent [30] .
The definition and interpretation of cognitive load differs across the research areas in cognitive psychology, instructional design, and neurobiology. The most commonly used definition is the amount of working memory resources required in cognitive task execution [10, 11] . The effect of cognitive load can be manifested as a "cognitive overload" or "cognitive dissonance" depending on the complexity of task and also the context. The interdependency of contributing factors was explained in the 3D (execution time, complexity and number of alternatives in case of multitasking) cognitive task load model [4] . The classification of cognitive loads, such as under load, vigilance, lock-up and overload were performed based on this model. The classification was performed based on heuristics and fixed set of rules as illustrated in the Table I . The rule-based classification schemes are known for their poor generalization and are not suitable for nonstationary data.
Studies suggest that pupil dilation is related to cognitive load. It was reported that, Pupil size variation has a direct relation to the mental activities [7, 9] . In [3] , it was noted that pupillary responses are non-stationary in nature. Short-time Fourier transform (STFT) was applied on spontaneous pupil size fluctuation to find the task-evoked pupillary responses [2, 14] . However, such time-frequency analysis are limited by the temporal resolution of the FFT as it is bounded by the Nyquist criteria [16] . It also requires the duration of segments for decomposition must exceed at least one cycle of the lowest part frequency.
Given the cognitive task evoked pupillary responses [8] ; effects of cognitive load can be estimated from the timefrequency analysis of pupillary time series [2] . However, the temporal changes of pupillary response are boisterous, nonstationary, nonlinear, and rife with temporal discontinuities. To achieve the desired robustness, we introduce an approach using Hilbert transform analytical phase based approach to compute temporal patterns from the pupillary responses. This was subsequently used to classify the effects cognitive load. Here, we focus on uncovering cognitive lock-up and overload from the analytic phases of Hilbert transform. Pupil size change in a given cognitive task interaction indicates whether the subject is in cognitive control, attentive, or overloaded situation. The temporal variation of pupil size differences can be computed from the time series data obtained from the participants performing a series of cognitive tasks. Figure 1 (A) illustrates cognitive tasks (easy, hard) with respect to pupil dilations. The change of pupil diameter was shown in [1, 32] with three curves representing easy (black), medium (blue) and hard (red) with time ( Figure  1B ). Cognitive load dynamics is considered as the change of cognitive load over time. It may manifest in one of the two forms: cognitive dissonance and cognitive overload. The cognitive psychology defines cognitive dissonance as inconsistency or psychologically uncomfortable situation [12, 13] . More specifically, cognitive dissonance states the uncomfortable feeling by holding two contradictory ideas simultaneously in working memory. For example, the differences between "how we should act" and "how we act" in a particular situation may cause dissonance. Cognitive dissonance [or lock-up] acts as a key factor mediating conceptual change in response to human-machine interactions [4] . Psychologists explain two hypothesis of cognitive dissonance: (1) The existence of dissonance [or conflict / inconsistency], being psychologically uncomfortable, will motivate the person to try to reduce the dissonance and achieve consonance [or consistency]. (2) When dissonance is present, in addition to trying to reduce it, the person will actively avoid situations and information which would likely increase the dissonance [13] . Cognitive overload may arise in the context of a goal oriented, time bound and complex task interaction. [24] Learned outcome measure [ 22] Brain activity measure (e.g., EEG, fMRI) [25] Dual-task performance [27, 22] Cognitive overload may arise in the context of a goal oriented, time bound and complex task interaction. Complex (hard) mental multiplication task, used in [1] is an example. In the context of human-computer (device/machine/system) interaction, load can be measures with the number of ways categorized as subjective/objective or direct/indirect which is shown in Table II .
III. RESEARCH METHOD
Highly precise pupillimetry data collection depends on a good setup in which the pupil spans many pixels in the camera image. To avoid data integrity issues we analyzed a sample from a benchmark dataset [1] for secondary evaluation. Pupil size variation logs are averaged and matched with task performance to identify cognitive load, dissonance and overload. Figure 2 shows two stages of processing: cognitive load assessment and cognitive load effect assessment. This study emphasizes on the later part of the study, considering the result of the first part as a baseline. Initially, the data was passed through some pre-processing steps (e.g., averaging both left and right pupil size, management of missing values, and interpolation) to have a form of time series data. As the main goal of this work is to study dynamics in terms of overload and dissonance, we applied Hilbert transform to see cognitive load effects.
A. The Hilbert Transform
Hilbert transform returns a complex sequence sometimes called the analytic signal, from a real data sequence. It is useful in calculating instantaneous attributes of time series, especially the amplitude and frequency.
The instantaneous amplitude is the amplitude of the complex Hilbert transform; the instantaneous frequency is the time rate of change of the instantaneous phase angle [15] . 
The analytic signal ( ) 
The instantaneous frequency is given by:
More specifically, the Hilbert transform returns the analytic form of the signal. We can plot the original signal, and the real and imaginary parts of the analytic signal. It is easy to note that the imaginary part of the analytic signal is the real part of the analytic signal shifted by 90 degree (i.e., by ). Finally, we can compute the phase of the analytic signal, the amplitude envelope, and the unwrapped phase. The unwrapped phase corrects the radian phase angels in a vector by adding multiples of when absolute jumps between consecutive elements of phase are greater than or equal to the default jump tolerance of radians [16] . An example plot of a sinusoidal signal, sin(2.0*π*1000*2.0) is shown in Figure 3 . It is notable in Figure 3 that the angle increases linearly from -π to π, and at πreturns to -π. Also notice that, in this case, the amplitude of the signal is one for all time. The unwrapped phase corrects the radian phase angels. 
B. Data Set
Participants were 24 undergraduate students from a large public university in North America. All the participants had normal or corrected-to-normal vision. All participants were compensated by Amazon.com gift certificates with a value ranging from $15 to $35 based on their task performance. According to [32] , each trial with two seconds pre-stimulus accommodation period was given for student participants to rest and prepare themselves. The multiplicand and multipliers are then presented with two seconds interval on the computer screen in front to them (Figure 2 ). After 5, seconds, the multiplier was presented. Pupil dilation was averaged across the five seconds window between multiplier presentation and participants' response for the significance testing.
A Tobii 1750 remote eye tracker (Tobii Technologies, 2007) 50Hz is used in data collection. This remote-camera setup enables pupil measurements without encumbrance or distraction. A pleasant room lighting condition also considered for better tracking performance. Eye tracker was placed on a desk with the top of the screen approximately 140 cm from the screen in a relatively bright room.
C. Time-series Extraction
Eye behavior data is logged through Tobii eye tracking software. Missing values are interpolated, and an average of left and right pupils' diameter are used to compute pupillary time series.
Response time is considered as the time interval between, the instant at which a user at a terminal enters a request for a response from the system (computer) and the instant at which the last character of the response is received at the terminal. In mental multiplication task, the time from maxima (hill peak -which we consider the cognition time) to responding (typing the response of the task) is considered as response time. Finally, with mental multiplication dataset, the response time is computed with Hick's law -RT = a + b log 2 (n)
Where RT = response time, a = the total time that is not involved with decision making, b = an empirically derived constant based on the cognitive processing time for each option (in this case 0.155 seconds for humans), n = number of equally probable alternatives. The relationship of response time and analytic signals attributes are explained in the next section.
IV. RESULTS
The main purpose of the experiment was to compute temporal patterns in pupillary responses related to cognitive states. To achieve the goal we created an analysis set from [1] . In particular, we considered 10 students performing thirty (30) cognitive tasks (with ten tasks from each category of easy, medium and hard task). The interaction logs are analyzed as the preliminary study. The estimated time series is variable length due to their different task completion times and difficulty level. We considered seven minutes (420s) time of each task as most of tasks competition time is equal or less than seven minutes (Table  3 and Figure 4 ). Table 3 and Figure 4 illustrate that the failure tasks took relatively more processing time than the correct tasks. Figure 5 explains the results of Hilbert transform with unwrap phase differences of all ten tasks performed by the subject. Unsuccessful tasks are marked and have higher fluctuations in ramp. To see whether the failure occurs due to cognitive inconsistency or cognitive overload further study is made with different task categories (task demands) the easy task, medium task and hard tasks. The diverging intercepts are either due to residual low cognitive effort, having a different spatial distribution from that of the center frequencies. This is as because, some cycles of ) (t θ the peak of cognitive failure to reach the zero from above or below, which prevents an expected branch point, or they are due to residual high frequency oscillations that throw in extra zero crossings and branch points [16] .
Comparisons of unwrapped analytic phase across easy, medium and hard tasks are illustrated in Figures 5B, 5C and 5D, respectively. The change in the beginning and its continuation reveal the conflict (dissonance) behavior while the sharp change (fluctuation) may be attributed to the cognitive overload. In medium task failure comparatively, a large change is observed. One reason may be; the subject is confused and astonished for the uncatchable large mistake. Relatively smaller change in easy and hard task failures can be related to the unintentional mistake and inability.
Boxes in Figure 5 are corresponding analytic amplitude in Analysis reveals that sharp change in incorrect task response is related to the cognitive overload. It was also observed that a sharp change and continuation of the ramp in Hilbert unwrapped phase are related to the cognitive dissonance.
The Hilbert transform method for the study of cognitive overload and cognitive dissonance reveals new insight into the association between task variation and pupillary dynamics. However a detailed analysis with larger sample might demonstrate more insightful results. In keeping with current methods of cognitive load dynamics assessment, we show that pupillary time series data are attenuated but not extinguished following cognitive markers like an electroencephalogram (EEG) processing with Hilbert transform. Future works may clarify the pupillary signals construction and processing techniques (e.g., Hilbert and Huang Transform with empirical mode decomposition). Furthermore, this novel experimental structure and signal processing methodology should also be explored grounding with EEG or other physiological data [6] from same experimental structure.
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